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In this paper, the blow-up rate of solutions of semi-linear reaction–diffusion equations with
a more complicated source term, which is a product of nonlocal (or localized) source and
weight function a(x), is investigated. It is proved that the solutions have global blow-
up, and that the rates of blow-up are uniform in all compact subsets of the domain.
Furthermore, the blow-up rate of |u(t)|∞ is precisely determined.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction and main results
In this paper, a class of semi-linear parabolic equations with nonlocal nonlinear sources is considered. Some equations
are with space integral terms
ut = u + a(x)g
(∫
Ω
f
(
u(x, t)
)
dx
)
; (1)
some are with both local and nonlocal terms
ut = u + a(x)
∫
Ω
f
(
u(x, t)
)
dx+ h(u(x, t)); (2)
some are with localized sources
ut = u + a(x) f
(
u(x0, t)
)
, (3)
where x0 ∈ Ω is a ﬁxed point; and others are with space–time integral
ut = u + a(x) f
( t∫
0
∫
Ω
β(x)g
(
u(x, s)
)
dxds
)
. (4)
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are those from various models in physics theory and engineering application, and have been studied by numerous authors.
The details can be found in [1–13] and references therein. Among them, Souplet [3] introduced a method to investigate
the proﬁle of blow-up solutions of nonlinear diffusion equations with nonlocal reaction terms, and observed the asymptotic
blow-up behaviors of the solutions of a large class of equations. If a(x) are general functions, it is diﬃcult to estimate
the blow-up rates of these solutions. Recently, Liu et al. [14] estimated the blow-up rates of the solutions with Dirichlet
boundary conditions, where Ω = BR(0).
As we know, it seems that the blow-up rate estimates are investigated mainly for the open ball Ω = BR(0) ⊂ RN . In the
present paper, the blow-up rate estimates of solutions of nonlinear equations with nonlocal terms on the general domain
Ω ⊂ RN are shown. Throughout this paper, Ω is considered to be a domain with a smooth boundary in RN . Each of the
nonlocal nonlinear problems considered below is coupled with the Dirichlet boundary condition
u(x, t) = 0, x ∈ ∂Ω, t > 0, (5)
and initial data
u(x,0) = u0(x), x ∈ Ω. (6)
For the functions a(x) and u0(x), we assume that
(A1) a(x) ∈ C2(Ω) ∩ C0(Ω), a(x) > 0 in Ω , and a(x) = 0 on ∂Ω .
(A2) u0(x) ∈ C2(Ω) ∩ C0(Ω), u0(x) > 0 in Ω , and u0(x) = 0 on ∂Ω .
And more, T (T > 0) denotes the maximal existence time. That is to say, u blows up in L∞ norm, and limt→T |u(t)|∞ = ∞.
As a conclusion, the global blow-up phenomena are observed, and the blow-up rate of |u(t)|∞ of each case is precisely
determined. In order to prove the global blow-up and get the blow-up rate for these cases, some other necessary techniques
are introduced.
Our results are as follows:
Theorem 1.1. Let u(x, t) be the blow-up solution of the problem
ut = u + a(x)
∣∣u(t)∣∣pr , x ∈ Ω, t > 0, (7)
with the initial–boundary conditions (5) and (6), where |u(t)|r = (
∫
Ω
|u(x, t)|r dx)1/r , 1 r < ∞ and p > 1. Assume (A1), (A2) hold,
and u0(x) + a(x)|u0(x)|pr  0 for x ∈ Ω . Then
lim
t→T (T − t)
1/(p−1)u(x, t) = a(x)(p − 1) 11−p
(∫
Ω
ar(x)dx
) p
r(1−p)
, (8)
uniformly in all compact subsets of Ω .
Theorem 1.2. Let u(x, t) be the blow-up solution of the problem
ut = u + a(x) f
( t∫
0
∫
Ω
β(x)u(x, s)dxds
)
, x ∈ Ω, t > 0, (9)
with the initial–boundary conditions (5) and (6), where β(x) ∈ C(Ω), β(x)  0, β(x) ≡ 0. Assume (A1), (A2) hold and I =∫
Ω
β(x)a(x)dx.
(i) If f (s) = sp and p > 1, then
lim
t→T (T − t)
p+1
p−1 u(x, t) = a(x)(p − 1) p+11−p (2p(1+ p)/I p) 1p−1 , (10)
uniformly in all compact subsets of Ω .
(ii) If f (s) = kes − 1 and k 1, then
lim
t→T (T − t)u(x, t) =
2
I
a(x), (11)
uniformly in all compact subsets of Ω .
Theorem 1.3. Let u(x, t) be the blow-up solution of the problem
ut = u + a(x) f
(
u(x0, t)
)
, x ∈ Ω, t > 0, (12)
with the initial–boundary conditions (5) and (6). Assume (A1), (A2) hold, and u0(x) + a(x) f (u0(x0)) 0 for x ∈ Ω .
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lim
t→T (T − t)
1
p−1 u(x, t) = a(x)((p − 1)ap(x0)) 11−p , (13)
uniformly in all compact subsets of Ω .
(ii) If f (u) = eu , then
lim
t→T
∣∣ln(T − t)∣∣−1u(x, t) = a(x)
a(x0)
, (14)
uniformly in all compact subsets of Ω .
Theorem 1.4. Let u(x, t) be the blow-up solution of the problem
ut = u + a(x)
∫
Ω
up(x, t)dx− uq(x, t), x ∈ Ω, t > 0 (15)
with the initial–boundary conditions (5) and (6), where p > q 1.
If (A1), (A2) hold, and u0(x) + a(x)
∫
Ω
up0 (x)dx− uq0(x) 0 for x ∈ Ω . Then
lim
t→T (T − t)
1
p−1 u(x, t) = a(x)
(
(p − 1)
∫
Ω
ap(x)dx
) 1
1−p
, (16)
uniformly in all compact subsets of Ω .
The outline of the article is as follows. The proofs of results are arranged in Sections 2 and 3. Theorems 1.1, 1.2 and 1.3
are proved in Section 2, and Theorem 1.4 is in Section 3. At last, Section 4 is our conclusion and more discussion.
2. Proofs of Theorems 1.1, 1.2 and 1.3
The problems (7), (9) and (12) can be written in a general form{ut = u + a(x)g(t), x ∈ Ω, t > 0,
u = 0, x ∈ ∂Ω, t > 0,
u(x,0) = u0(x), x ∈ Ω,
(17)
where the function g(t) 0 depends on the solution u. Throughout this paper, we denote
G(t) =
t∫
0
g(s)ds, H(t) =
t∫
0
G(s)ds. (18)
The following are the proofs of Theorems 1.1, 1.2 and 1.3. Among them, the next theorem is most important.
Theorem 2.1. Assume (A1), (A2) hold, and g(t) is nonnegative and continuous on (0, T ) function, and it is nondecreasing in time. Let
u be a classical solution of Eq. (17), then
limsup
t→T
∣∣u(t)∣∣∞ = +∞, (19)
if and only if
lim
t→T G(t) = +∞. (20)
Furthermore, if (19) or (20) holds, then
lim
t→T
u(x, t)
G(t)
= a(x), (21)
uniformly in all compact subsets of Ω .
In order to prove Theorem 2.1, the following lemma is necessary.
Throughout this section,
Ωρ =
{
y ∈ Ω; dist(y, ∂Ω) > ρ > 0}, a = max
x∈Ω
a(x), U (t) = max
x∈Ω
u(x, t).
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(i) U (t) aG(t) + U (0), on Ω × (0, T );
(ii) for all 0< ε < 12 minx∈Ωρ a(x), there exists a constant Cε > 0 such that
u(x, t)
(
a(x) − ε)G(t) − Cε(1+ aH(t)), on Ωρ × [T /2, T ).
Proof. (i) According to [15], we know that
U ′(t) ag(t).
Integrating the above inequality from 0 to t yields that
U (t) aG(t) + U (0).
So the conclusion (i) of Lemma 1 holds.
(ii) Let x0 ∈ Ωρ . Since the weight function a(x) is uniformly continuous on Ω , we know that for every ε > 0, there exists
a δ = δ(ε) > 0 (δ not dependent on the point x0), such that
a(x0) − ε
2
< a(x) < a(x0) + ε
2
, (22)
for all points x ∈ B(x0, δ) = {x | |x− x0| < δ, x ∈ RN } ⊂ Ωρ/2.
The open ball set {B(x0, δ) | x0 ∈ Ωρ, δ satisﬁes (22)} is an open cover of Ωρ . Using ﬁnite covering theorem, we get a
ﬁnite subcover. That is, there are ﬁnite points x1, x2, . . . , xm ∈ Ωρ , such that
m⋃
j=1
B j ⊃ Ωρ, and a(x j) − ε2 < a(x) < a(x j) +
ε
2
, x ∈ B j, (23)
where B j := B(x j, δ), j = 1,2, . . . ,m.
It is clear that the radius δ of the open balls can be properly adjusted in small for δ′ < δ, such that
m⋃
j=1
B(x j, δ
′) ⊃ Ωρ. (24)
By (23) and Eq. (17), we have
∂u
∂t
u + a(x)g(t)u +
(
a(x j) − ε2
)
g(t), (x, t) ∈ B j × (0, T ). (25)
Consequently, u = u(x, t) is a supersolution of the following equation⎧⎨
⎩
v jt = v j + (a(x j) − ε2 )g(t), (x, t) ∈ B j × (0, T ),
v j(x, t) = 0, (x, t) ∈ ∂B j × (0, T ),
v j(x,0) = u0(x), x ∈ B j .
(26)
Hence, any solution v j = v j(x, t) of (26) satisﬁes
u(x, t) v j(x, t), (x, t) ∈ B j × [0, T ). (27)
From Lemma 4.5 in [3], we know that there exists C j > 0 such that
v j(x, t)
(
a(x j) − ε2
)
G(t) − C j
(δ − δ′)N+1
[
1+
(
a(x j) − ε2
)
H(t)
]

(
a(x) − ε)G(t) − C j
(δ − δ′)N+1
[
1+ a(x)H(t)], on B(x j, δ′) × [T /2, T ). (28)
By (27) and (28), we have
u(x, t)
(
a(x) − ε)G(t) − Cε(1+ aH(t)), (x, t) ∈ Ωρ × [T /2, T ),
where Cε = 1(δ−δ′)N+1 max1 jm C j . 
For a smoothly bounded domain B ⊂ Ω , let ϕ(x) be an eigenfunction corresponding to the ﬁrst eigenvalue of the follow-
ing eigenvalue problem:
−ϕ(x) = λϕ(x), x ∈ B; ϕ(x) = 0, x ∈ ∂B,
where λ > 0 is the ﬁrst eigenvalue. Then it is known that ϕ(x) can be normalized as ϕ(x) > 0 in B and
∫
a(x)ϕ(x)dx = 1.B
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lim
t→T
U (t)
g(t)
= 0, (29)
lim
t→T
∫
B uϕ dx
G(t)
= 1. (30)
Proof. Clearly, using limt→T G(t) = ∞, we obtain that
lim
t→T g(t) = ∞. (31)
Since g(t) is nondecreasing, it follows that for all ε > 0,
0 G(t)
g(t)
=
∫ t
0 g(s)ds
g(t)

∫ T−ε
0 g(s)ds
g(t)
+ ε,
and using (31), we deduce that limt→T G(t)g(t) = 0, so the conclusion (i) of Lemma 1 implies limt→T U (t)g(t) = 0.
Multiplying both sides of Eq. (17) by ϕ and integrating over B × (0, t), and according to Green’s formula, we have, for
0< t < T ,
∫
B
uϕ dx−
∫
B
u0ϕ dx = −λ
t∫
0
∫
B
uϕ dxdτ −
t∫
0
∫
∂B
u
∂ϕ
∂γ
dS dτ + G(t).
Since
0
t∫
0
∫
B
uϕ dxdτ 
∫
B
ϕ dx
t∫
0
U dτ ,
0−
t∫
0
∫
∂B
u
∂ϕ
∂γ
dS dτ −
∫
∂B
∂ϕ
∂γ
dS
t∫
0
U dτ = −
∫
B
ϕ dx
t∫
0
U dτ = λ
∫
B
ϕ dx
t∫
0
U dτ ,
and limt→T U (t)g(t) = 0, we can draw a conclusion that
lim
t→T
∫ t
0
∫
B uϕ dxdτ
G(t)
= 0, and lim
t→T
− ∫ t0 ∫∂B u ∂ϕ∂γ dS dτ
G(t)
= 0.
It then follows that
lim
t→T
∫
B uϕ dx
G(t)
= 1. 
Proof of Theorem 2.1. From the conclusion (i) of Lemma 1, it is clear that (19) implies (20). Since G(t) is nondecreasing, it
follows that for all ε > 0,
0 H(t)
G(t)
=
∫ t
0 G(s)ds
G(t)

∫ T−ε
0 G(s)ds
G(t)
+ ε,
and using (20), we deduce that limt→T H(t)G(t) = 0, so the conclusion (ii) of Lemma 1 implies (19), and
lim inf
t→T
u(x, t)
G(t)
 a(x) (32)
uniformly in all compact subsets of Ω .
Now we will show that
lim
t→T
u(x, t)
G(t)
= a(x),
uniformly in all compact subsets of Ω .
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∗,t)
G(t) = c > a(x∗), that is, there exists a sequence
tn → T such that
lim
tn→T
u(x∗, tn)
G(tn)
= c. (33)
Denote Bm(x∗) = {x | x ∈ RN , |x− x∗| < 1m }, then Bm(x∗) ⊂ Ω if only m is large enough. Therefore, a(x) > 0 if x ∈ Bm(x∗).
For every tn , using the continuity of
u(x,tn)
a(x) on Bm(x
∗), we deduce that there exists xm,n ∈ Bm(x∗) to be a minimum point
of u(x,tn)a(x) . That is,
u(xm,n, tn)
a(xm,n)
= min
x∈Bm(x∗)
u(x, tn)
a(x)
. (34)
Using the continuity of u(x, tn) and a(x), we deduce that
lim
m→∞
u(xm,n, tn)
a(xm,n)
= u(x
∗, tn)
a(x∗)
.
Since (33), we have
lim
n→∞ limm→∞
u(xm,n, tn)
a(xm,n)G(tn)
= lim
n→∞
u(x∗, tn)
a(x∗)G(tn)
= c
a(x∗)
> 1. (35)
On the other hand, we let λm be the ﬁrst eigenvalue of − in Bm(x∗) with homogeneous Dirichlet conditions, and ϕm
the corresponding eigenfunction, such that
ϕm > 0 in Bm(x
∗), and
∫
Bm(x∗)
a(x)ϕm(x)dx = 1. (36)
By Lemma 2, we get
lim
t→T
∫
Bm(x∗) u(x, t)ϕm(x)dx
G(t)
= 1. (37)
Using (34), (36) and (37), we deduce that
u(xm,n, tn)
a(xm,n)G(tn)
= 1
G(tn)
∫
Bm(x∗)
u(xm,n, tn)
a(xm,n)
a(x)ϕm(x)dx

∫
Bm(x∗) u(x, tn)ϕm(x)dx
G(tn)
→ 1 (n → ∞).
This contradicts (35) and we then get the desired result. 
Proof of Theorem 1.1. Set g(t) = |u(t)|pr . Differentiating (5), (6) and (7) with respect to t , applying the maximum principle,
we yield
ut(x, t) 0, on Ω × [0, T ).
Therefore, g(t) is nondecreasing. By Theorem 2.1, it follows that
lim
t→T
u(x, t)
G(t)
= a(x),
uniformly in all compact subsets of Ω .
A simple calculation yields the desired result. 
Proof of Theorem 1.2. Set
h(t) =
t∫
0
∫
Ω
β(x)u(x, s)dxds, and g(t) = f (h(t)).
Clearly
g′(t) > 0, for t > 0.
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lim
t→T
u(x, t)
G(t)
= a(x),
uniformly in all compact subsets of Ω .
Moreover, the conclusion (i) of Lemma 1 implies that 0  u(x,t)G(t)  C in Ω for t close enough to T . Therefore, we may
apply the Lebesgue’s dominated convergence theorem to obtain
h′(t) =
∫
Ω
β(x)u(x, t)dx ∼ I · G(t), as t → T ,
and G ′(t) = g(t) = f (h(t)).
Now consider for instance case (i), f (s) = sp , differentiating above equality, we yield
G ′′(t) = php−1(t)h′(t) ∼ pI · hp−1(t)G(t) = pI · [G ′(t)] p−1p G(t), as t → T ,
that is[
G ′(t)
] 1
p G ′′(t) ∼ pI · G(t)G ′(t), as t → T .
Integrating yields
G ′(t) ∼
[
1
2
(p + 1)I
] p
p+1
· G 2pp+1 (t), as t → T .
By a further integration, we obtain
G(t) ∼ 2 pp−1 I p1−p (p + 1) 1p−1 (p − 1) p+11−p (T − t) p+11−p , as t → T .
The result ﬁnally follows by returning to (21).
Case (ii) is handled similarly. 
Proof of Theorem 1.3. We apply Theorem 2.1 with
g(t) = f (u(x0, t)).
Here x0 ∈ Ω . Similarly to the discussion of Theorem 1.1, g(t) is nondecreasing. By (21) in Theorem 2.1, we obtain
u(x0, t) ∼ a(x0)G(t), as t → T . (38)
In the case f (s) = sp , we deduce that
G ′(t) = g(t) = up(x0, t) ∼ ap(x0)Gp(t), as t → T ,
and the result follows by integration.
In the case f (s) = es , we have
G ′(t) = g(t) = eu(x0,t). (39)
By (38), there exists {ti}∞i=1, ti → T , such that(
a(x0) − 1
i
)
G(t) u(x0, t)
(
a(x0) + 1
i
)
G(t), t ∈ [ti, T ).
From (39), we have, for t ∈ [ti, T )
e(a(x0)−1/i)G(t)  G ′(t) e(a(x0)+1/i)G(t).
Integrating this inequality from t to T , we obtain
| ln(T − t)|
a(x0) + 1/i −
ln(a(x0) + 1/i)
a(x0) + 1/i  G(t)
| ln(T − t)|
a(x0) − 1/i −
ln(a(x0) − 1/i)
a(x0) − 1/i , t ∈ [ti, T ).
Taking i → ∞ in the above inequality, we get
G(t) ∼ 1
a(x0)
∣∣ln(T − t)∣∣, as t → T .
The result ﬁnally follows by returning to (21). 
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Set
g(t) =
∫
Ω
up(x, t)dx, G(t) =
t∫
0
g(s)ds.
Proof of Theorem 1.4. It requires some modiﬁcations of the arguments from the proof of Theorem 2.1. By the strong maxi-
mum principle, we have u(x, t) > 0, ut(x, t) > 0 in Ω for t > 0. Therefore, g(t) is nondecreasing.
From [15], we have
U ′(t) a · g(t) − Uq(t) a · g(t).
Integrating the above inequality from 0 to t yields that
U (t) a · G(t) + U (0). (40)
Since limt→T G(t)g(t) = 0, we deduce that
lim
t→T
U (t)
g(t)
= 0. (41)
Let λ1 be the ﬁrst eigenvalue of − in Ω with homogeneous Dirichlet conditions, and φ the corresponding eigenfunc-
tion, such that φ > 0 in Ω and
∫
Ω
a(x)φ(x)dx = 1.
Multiplying both sides of Eq. (15) by φ and integrating over Ω × (0, t), by Green’s formula, we have, for t ∈ (0, T ),
∫
Ω
uφ dx−
∫
Ω
u0(x)φ dx = −λ1
t∫
0
∫
Ω
uφ dxds + G(t) −
t∫
0
∫
Ω
uqφ dxds.
By the Hölder inequality, we have
t∫
0
∫
Ω
uqφ dxds
( t∫
0
∫
Ω
up dxds
) q
p (
T
∫
Ω
φ
p
p−q dx
) p−q
p
= o(G(t)). (42)
Since 0
∫ t
0
∫
Ω
uφ dxds
∫
Ω
φ dx
∫ t
0 U ds, and (41), which imply that
lim
t→T
∫ t
0
∫
Ω
uφ dxds
G(t)
= 0.
It then follows that
lim
t→T
∫
Ω
uφ dx
G(t)
= 1. (43)
Since
∫
Ω
uφ dx
(∫
Ω
up dx
) 1
p
(∫
Ω
φ
p
p−1 dx
) p−1
p
,
it then follows that(∫
Ω
uφ dx
)p

(∫
Ω
up dx
)(∫
Ω
φ
p
p−1 dx
)p−1
. (44)
Using p > q, (40), (42) and (43), it follows that
lim
t→T
Uq(t)
g(t)
= 0. (45)
For every ρ > 0, since a(x) > 0 on Ωρ , and a(x) ∈ C(Ω), we have aρ := minx∈Ωρ a(x) > 0. From (45), we infer that there
exists τ ∈ (0, T ) such that
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aρ
Uq(t) > 0 for τ  t < T .
By Eq. (15), we obtain
ut = u + a(x)g(t) − uq u + a(x)g(t) − a(x)
aρ
Uq(t), x ∈ Ωρ, t ∈ (τ , T ).
Set
g1(t) = g(t) − 1
aρ
Uq(t), and G1(t) =
t∫
τ
g1(s)ds,
and then we obtain
lim
t→T G1(t) = ∞, and limt→T
G1(t)
G(t)
= 1.
Clearly, u(x, t) is a supersolution of the following equation:⎧⎨
⎩
wt = w + a(x)g1(t), (x, t) ∈ Ωρ × (τ , T ),
w(x, t) = 0, (x, t) ∈ ∂Ωρ × (τ , T ),
w(x, τ ) = w0(x), x ∈ Ωρ,
(46)
where 0  w0(x)  u(x, τ ) in Ωρ and w0(x) ∈ C2(Ωρ) ∩ C0(Ωρ) with w0(x)|∂Ωρ = 0. By the maximum principle, a solu-
tion w(x, t) of (46) satisﬁes
u(x, t) w(x, t), (x, t) ∈ Ωρ × [τ , T ). (47)
Using Theorem 2.1, we have
lim
t→T
w(x, t)
G(t)
= lim
t→T
w(x, t)
G1(t)
= a(x),
uniformly in any compact subsets of Ωρ . That is
lim inf
t→T
u(x, t)
G(t)
 a(x),
uniformly in any compact subsets of Ωρ .
By the arbitrariness of Ωρ , we get
lim inf
t→T
u(x, t)
G(t)
 a(x), (48)
uniformly in any compact subsets of Ω .
Since ut u + a(x)
∫
Ω
up(x, t)dx, it then follows that u(x, t) is a sub-solution of the following equation:{w1t = w1 + a(x)g(t), (x, t) ∈ Ω × (0, T ),
w1(x, t) = 0, (x, t) ∈ ∂Ω × (0, T ),
w1(x,0) = u0(x), x ∈ Ω.
(49)
By the maximum principle, u(x, t) w1(x, t) in (x, t) ∈ Ω × [0, T ). Using Theorem 2.1, it holds that
lim
t→T
w1(x, t)
G(t)
= a(x)
uniformly in all compact subsets of Ω . That is
limsup
t→T
u(x, t)
G(t)
 a(x) (50)
uniformly in all compact subsets of Ω .
Combining (48) with (50) yields that
lim
t→T
u(x, t)
G(t)
= a(x)
uniformly in all compact subsets of Ω .
A simple calculation yields the desired result. The proof is completed. 
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In the semi-linear models (7), (9) and (12), the source terms are a product of nonlocal (or localized) source g(t)
and weight function a(x). It is known that, in the absence of weight functions, the blow-up sets would be the whole
domain Ω , and that the blow-up rate is uniform in all compact subsets of the domain Ω (see [3]). An interesting phe-
nomenon is that when the reaction source term contains the weight function a(x) > 0, the above model’s solutions still
have these properties. It is shown by Theorem 2.1 that the blow-up takes place everywhere in Ω . Theorems 1.1–1.3
explore the blow-up rate, the research results indicate that changing weight function a(x) does not affect the order of
magnitude of blow-up rates. Only coeﬃcients involved in the point-wise blow-up rate estimates rely on the weight func-
tion a(x). To model (12), for example, we know from Theorem 1.3 that in the case f (s) = sp , p > 1, the blow-up solution
u(x, t) ∼ a(x)((p − 1)ap(x0))
1
1−p (T − t)− 1p−1 , as t → T , uniformly in all compact subsets of Ω; and in the case f (s) = es ,
u(x, t) ∼ a(x)a(x0) | ln(T − t)|, as t → T , uniformly in all compact subsets of Ω . Models (7) and (9) have similar conclusions (see
Theorems 1.1 and 1.2).
In addition, our method also works for problems with a weighted nonlocal source and local damping term, such as the
model (15). By Theorem 1.4, the above result remains valid if a local damping term is added, provided its order is lower than
that of the nonlocal source term. In fact, if p > q 1, the blow-up solution u(x, t) ∼ a(x)((p−1) ∫
Ω
ap(x)dx)
1
1−p (T − t)− 1p−1 ,
as t → T , uniformly in all compact subsets of Ω .
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